In this paper we consider M = B × f F warped product gradient Ricci solitons.
Introduction and main statements
Let (M, g) be a semi-Riemannian manifold of dimension n ≥ 3. We say that (M, g) is a g(x, B) + C, A, C ∈ R and B ∈ R n are all the potential functions. In this case, (R n , g) is a shrinking, steady or expanding soliton according to the sign of the constant A. Bryant [9] proved that there exists a complete, steady, gradient Ricci soliton spherically symmetric for any n ≥ 3, which is known as Bryant's soliton.
Recently, Cao and Chen [10] showed that any complete, steady, gradient Ricci soliton, locally conformally flat, up to homothety, is either isometric to the Bryant's soliton or is flat. Complete, shrinking gradient solitons, conformally flat, have been characterized as being quotients of R n , S n or R × S n−1 (see [13] ).
Although the Ricci soliton equation was introduced and studied initially in the Riemannian context, Lorentzian Ricci solitons have been recently investigated in [2] , [4] and [16] , where the authors show that there are important differences with the Riemannian case. The existence of Lorentzian, steady, gradient Ricci solitons which are locally conformally flat and distinct from Bryant's solitons, was proved in [2] . In [5] , the authors gave a local characterization of the Lorentzian gradient Ricci solitons which are locally conformally flat.
In [1] , Barbosa-Pina-Tenenblat, considered gradient Ricci solitons, conformal to an n-dimensional pseudo-Euclidean space, which are invariant under the action of an (n − 1)-dimensional translation group. The one provided all such solutions in the case of steady gradient Ricci solitons.
Our purpose is to generalize the results in [1] . To get these generalizations, we have to use warped product manifolds to study gradient Ricci solitons that are non locally conformally flat. Then considering (B, g B ) and (F, g F ) semi-Riemannian manifolds, and let f > 0 be a smooth function on B, the warped product M = B × f F is the product manifold B × F furnished with metric tensor
is called the base of M = B × f F , F the fiber and f is the warping function. For example, polar coordinates determine a warped product in the case of constant curvature spaces, the case corresponds to R + × r S n−1 .
There are several studies correlating warped product manifolds and locally conformally flat manifolds, see [6] , [8] and their references.
Many of the original examples of gradient Ricci solitons arise as warped products over a one dimensional base (cf. [11] , [14] ).
In this paper, initially we prove that if a warped product M = B × f F is a gradient
Ricci soliton with the hypothesis that there is at least one pair of vector (X i , X k ) of the base, such that Hess g B (f )(X i , X k ) = 0 then the potential function depends only on the base and the fiber is necessarily an Einstein manifold (see Theorem 1.1 and Corollary 1.1). The Theorem 1.1 and Corollary 1.1 generalize the results obtained in [7] where the authors studied warped product gradient Ricci solitons with one-dimensional base.
In what follows, we consider warped product M = B × f F gradient Ricci solitons, where the base is conformal to a pseudo-Euclidean space which are invariant under the action of an (n − 1)-dimensional translation group and the fiber is an Einstein manifold.
More precisely, let (R n , g) be the pseudo-Euclidean space, n ≥ 3, with coordinates x = (x 1 , · · · , x n ) and g ij = δ ij ε i and let M = (R n , g) × f F m be a warped product where we find necessary and sufficient conditions for the warped product metric g = g + f 2 g F be a gradient Ricci soliton, namely
In Theorem 1.3, we consider f , ϕ and h invariant under the action of an (n-1)-dimensional translation group and let ξ = n i=1 α i x i , α i ∈ R, be a basic invariant for an (n − 1)-dimensional translation group. We want to obtain differentiable functions ϕ(ξ), f (ξ) and h(ξ), such that the metric g is a gradient Ricci soliton. We first obtain necessary and sufficient conditions on f (ξ), ϕ(ξ) and h(ξ) for the existence of g. We show that these conditions are different depending on the direction α = n i=1 α i ∂/∂x i being null (lightlike) or not. We observe that in the null case the metrics g and g F are necessarily gradient Ricci solitons steady and Ricci-flat, respectively. When the dimension of the fiber F is m = 1 we consider M = (R n , g) × f R and in
In what follows, we state our main results. We denote by ϕ , Motivated by the previous results we study the problem considering warped product with h depending only on the base and the fiber an Einstein manifold. 
where
and
We want to find solutions of the system (2), (3) and (4) of the form ϕ(ξ), f (ξ) and
The following theorem provides the system of ordinary differential equations that must be satisfied by such solutions. 
Riemannian Einstein manifold with constant Ricci curvature λ F and smooth functions
where k, c 1 , c 2 , N ± and b are constant with k, c 1 , c 2 > 0 and 
Then the warped product
where a, k, c 3 are constants with, k, c 3 > 0 and a = k m + k 2 (n − 1) .
Let ϕ(ξ), f (ξ) and h(ξ) be functions obtained by integrating,
Then the warped product
is a steady gradient Ricci soliton with h as potential function.
We remark that the obtained metric, in the Theorems 1.4 and 1.5, are non locally conformally flat. 
Theorem 1.6 Let (R n , g) be a pseudo-Euclidean space, n ≥ 3, with coordinates
satisfies (6) and
is a steady gradient Ricci soliton with h as potential function.
Before proving our main results, we present two examples illustrating Theorem 1.7.
It follows from Theorem 1.
with h as potential function. Similarly, if we choose f (ξ) = e −ξ 2 and ϕ(ξ) = e ξ , then it follows from Theorem 1.7 that
is the potential function of the steady gradient Ricci solitong =ḡ + f 2 g F .
Proofs of the Main Results
Proof of Theorem 1.1:
, where L(B) and L(F ) are respectively the lift of a vector field on B and F to B × F , we have
Howg(X i , Y j ) = 0 for i = 1 . . . n and j = 1 . . . m (see [15] ), we have that
Note that
where ∇ is the connection of M. Since (see [15] ),
Using (14) and (13) we obtain:
If h = h(x 1 , . . . , x n ) then the equation (15) is trivially satisfied. Suppose that there is at least one y j , with 1 ≤ j ≤ m such that h, y j = 0. In this case, it follows from (15) that
integrating (16) in relation to x i we obtain:
this is,
Fixing i and j in ( 17) and deriving in relation to x k with k = i, we obtain
which is equivalent to
and again using (16) we have:
This means that l does not depend x k , this is
Repeating this process we obtain that l depends only on the fiber, i.e.
therefore,
Integrating (18) in relation to y j , we obtain:
Using the first equation (12), we have,
. . n, depends only on the base. Thus, considering j fixed in equation (19) we have:
On the other hand ∀i, k = 1, . . . n we have
Since m = m(ŷ j ), and using the definition of the Hessian get that
and as Hessg(f )(
Using (20) and (22) we obtain that:
We have for hypothesis that there is at least one pair of vector (X i , X k ) of the base, This concludes the proof of the Theorem 1.1.
Proof of Corollary 1.1 Let M = B × f F be a gradient Ricci soliton with potential h defined only on the base, then by the equation (1) we have,
Considering Y, Z ∈ L(F ), we have that
but,g
(see for example [15] ). Replacing Ricg(Y, Z) in (23), we have
It follows from (24) that F is Einstein if, and only if,
Indeed, as by hypotheses h depends only on the base, thus gradgh = grad g B h, then
This concludes the proof Corollary 1.1.
Proof of Theorem 1.2: Assume initially that m > 1. It follows from [15] that if
and L(F ) are respectively the lift of a vector field on R n and F to R n × F ), then
It is well known (see, e.g., [3] ) that if g = 1 ϕ 2 g , then
Recall that
where Γ k ij are the Christoffel symbols of the metric g. For i, j, k distinct, we have
By substituting (29) and the first equation of (34) into (33), we obtain (2). Again replacing (30) and the second equation of (34) into (33) we get (3). Now for X i ∈ L(R n ) and
by Theorem 1.1. In this case the equation (33) is trivially satisfied.
with 1 ≤ i, j ≤ m by using the equation (25) we have:
Then we have,
By substituting (32) and (35) into (33) we obtain (4)
The reciprocal of this theorem can be easily verified. In the case m = 1 just remember
In this case the equation (2) and (3) remain the same and the equation (4) reduces to
This concludes the proof Theorem 1.2. Therefore, we get two values of N, given by
Going back to the second equation, we have that
If z(ξ) is a non zero constant, then the proof of Theorem 1.4 shows that the solutions of (48) are given by (7) . If the function is not constant, then proof of Theorem 1.5 shows that z is determined by (9) and x is given algebraically in terms of z by (8) . Then one gets the functions ϕ, f and the potential h by integrating the ordinary differential equations given by (10) . This concludes the proof Theorem 1.6.
Proof of Theorem 1.7. Let (R n , g) be a pseudo-Euclidean space, n ≥ 3 with coordinates x = (x 1 , · · · , x n ) and g ij = δ ij ε i . Consider M = (R n , g)× f F m a warped product where g = 1 ϕ 2 g, F a semi-Riemannian manifold Ricci-flat. Let ϕ(ξ) and f (ξ) be any non-vanishing differentiable functions invariant by the translation of (n − 1)-dimensional translation group, whose basic invariant is ξ = and hence is given by (11) This concludes the proof Theorem 1.7.
